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Abstract 
Some nonexistence theorems for cyclic near difference sets of type 1 are established, some cyclic near 
difference sets of type 1 are constructed, and the uniqueness of (0, k, 1) cyclic near difference sets is 
proved for some triples (u, k, I). 
1. Introduction 
In 1973, Ryser [lo] proposed and studied two types of ‘almost’ cyclic difference sets, 
which were called the cyclic near difference sets of type 1 and the cyclic near difference 
sets of type 2, respectively. He obtained some nonexistence theorems and examples for 
near difference sets. In [ll], we have obtained some results for the cyclic near 
difference sets of type 2. In the present paper, we will study the cyclic near difference 
sets of type 1. 
Let v 24 be an even integer, and k, A positive integers. Suppose that 
D={a,,az,..., ak} is a set of k residues modulo u with the property that for any 
residue a f 0, v/2 (mod v), the congruence equation 
ai-Uj-U(modU), u,,u~ED 
has exactly 2 solution pairs (ai, aj) and no solution pair for the residue a E u/2 (mod v). 
Then D is called a (v, k, A) cyclic near difference set of type 1, and n : = k - A is called the 
order of D. Hereafter we exclusively deal with the cyclic near difference sets of type 1, 
so they are simply called near difference sets. A (0, k, 1) cyclic near difference set is 
called a planar near difference set. Two (0, k, A) near difference sets D1 and D, are said 
to be equivalent if there are integers s and t (gcd(t, v)= 1) such that D1 = tD,+s. It is 
clear that if there exists a (v, k, A) cyclic near difference set, then 
A(v-2)=k(k-1). 
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It is also clear that a (u, k, A) near difference set is in fact a special relative difference set, 
i.e. an (m, n; k; AI, A,) cyclic relative difference set with m = v/2, n = 2, A1 =O, and A2 = 1. 
Cyclic relative difference sets have been extensively studied (see, for example, [3,6]). 
Although the study of relative difference sets appeared much earlier than that of near 
difference sets, Ryser did not point out the relationship between relative difference sets 
and near difference sets. 
The nonexistence theorem established by Ryser reads as follows. 
Theorem 1.1 (Ryser [lo]). Let D be a (u, k, A) near difirence set. Then (i) u 3 0 (mod 4) 
implies that K - 21 is a square, (ii) v = 2 (mod 4) implies that k is a square, (iii) there 
exists a (v/2, k, 21) cyclic diference set (possibly degenerate). 
The purpose of this paper is: (1) providing a simpler proof and a finer statement 
of Theorem 1.1, (2) establishing some new non-existence theorems for near 
difference sets, (3) studying the existence problem for some type of near difference sets. 
In order to do so, we first present some known results, some of these come from the 
theory of relative difference sets, and the others from the theory of Diophantine 
equations. 
2. Some known results 
We need the following (known) results on abelian relative difference sets. 
Theorem 2.1 (Ko and Ray-Chaudhuri [6]). For an (m, n; k; 0, A) relative difference set 
in an abelian group G with exponent v*, an integer t is a multiplier tlf (i) k= kI kz, 
gcd(kr,u*)= 1, k,>A, (ii) ,for each prime p diuiding kI,t=pfp(modv*) for some 
nonnegative integer f,. 
Theorem 2.2 (McFarland and Rice [7]). Let D be an (m, n; k; A,, A,) abelian difference 
set, t a multiplier of D. Then there exists a translate of D which is jixed by t. 
Noting that k> 1, by Theorem 5.2 in [S] we have the following theorem. 
Theorem 2.3. For any near diference sets, - 1 is not a multiplier. 
We also need the following results from Diophantine equations. Catlan proposed in 
1842 the following conjecture (see, for example, Mordell [S]). 
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Catlan’s Conjecture: The only solution in integers of the equation 
f=x=3, e=y=2. 
An alternative form of the conjecture is the following. 
If p and q are primes, then a similar result holds for 
xp-yq= 1, x,y> 1. 
This conjecture still remains open. But some results known about it serve our 
purpose. 
Theorem 2.4 (Cassels [2]). The Diophantine equation 
y2+1=xe, x,y,e>l 
has no solutions in integers. 
Theorem 2.5 (Ko [S]). The only solution of the Diophantine equation 
x2-l=y’, x,y,f>l 
is 
x=f=3, y=2. 
3. Nonexistence theorems 
We first give a simpler proof of Theorem 1.1. Let D={al,az,...,ak} be a (u,k,l) 
near difference set, and 
f3(x):=0,(x)~x’1+xU2+S~.+x’k(modx”-1) 
the Hall polynormal of D. Then 
~(x)~(x-‘)~k+~(x+X2+...+X(~12)-1+X(~I2)+1+...Xo-1) 
=k+A(l+~‘“‘~ )(x+x2+SS~+x(“12)-1)(modx”- 1). (3.1) 
Setting x= - 1 in (3.1), we have 
(~(-1))2=k+(1+(-1)~“‘2~)(-1+1-1+~~~+(-l)~”’2~-1)~ 
k, if u = 2 (mod 4), 
= i k-21, if urO(mod4). 
(3.2) 
Let m. be the number of even elements in D, and ml the number of odd elements in D. 
Then 
(0( - 1))’ =(m, - ml)2. 
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e(x)0(x-‘)=k+2A(x+xZ+ . . . +x(“‘2)-1) 
-k-2R+2/2TI(x)(modx”12-l), (3.3) 
where 
By (3.1), we have 
T,(x) E 1 +x + ... +x(““)- ’ (mod xv” - I). 
On the other hand, since u/2 +aai-aj(mod u), it follows that 
ai+aj(modo/2) (l< i<j<k). 
Hence D is a (v/2, k, 22) cyclic difference set (possibly degenerate). Summing up, 
Theorem 1.1 has been proved in a different and simpler way, and can be stated more 
specifically. 
Theorem 3.1. If there exists a (v, k, A) near difference set, then (i) k is the square of the 
diference of the number of even elements and the number of odd elements when 
v 3 2 (mod 4), (ii) k - 22 is the square of the d@erence of the number of even elements 
and the number of odd elements when u=O(mod 4), and (iii) there exists a (v/2, k, 2i) 
cyclic difference set (possibly degenerate). 
Denote by ni (0 < i < 3) the number of elements in D such that Uj” i (mod 4). Then we 
can prove the following theorem. 
Theorem 3.2. Suppose D is a (v, k, A) near dijjizrence set. Then when v=4(mod S), the 
parameter k is a sum of two squares: 
k=(n,-n2)2+(n,-n,)2. (3.4) 
Proof. Clearly, 
e(i)s(i-‘)=((n,-n,)+(n,-n,)i)((no-n2)-(nl-nn3)i) 
=(no-n2)2+(n,-n3)2. 
On the other hand, 
[k+J.(l +x(“‘~) )(.x+x2 + . . . + x(“IW 1 )]x=i=k, if v=4(mod8). 
Combining (3.1), (3.5) and (3.6), we complete the proof. 0 
As a consequence of Theorem 3.2, we have the following corollary. 
(3.5) 
(3.6) 
Corollary 3.3. Let v, k and I be positive integers. If v E 4 (mod 8) and if there exists 
a prime p = 3 (mod 4) such that p 2c-1 /I k for some positive integer c, then (II, k, J.) near 
diflerence set does not exist. 
According to this corollary, we assert, for example, that there do not exist planar 
near difference sets of order 65. The reason is as follows. When n=65, VIE 1 (mod 8) 
and v = 4 (mod 8). On the other hand, k = n + 1 = 66, and 3 1166. 
Theorem 3.4. lf D is a (u, k, A) near difirence set, then k < v/2. 
Proof. We pair the elements of Z, as follows: 
{:/2,{:/2+1,..., {L,2+i ,..., {?TY’ 
Since v/2 z ai - aj (mod V) has no solutions (ai, aj) with ai, QjED, D contains at most one 
element of each pair. Hence the theorem. 0 
4. Planar near difference sets 
In this section we concentrate our discussion on the planar difference sets. From 
Theorem 3.2 we easily obtain the following theorem. 
Theorem 4.1. If there exists a planar near difirence set of order n, then n is not of the 
form 
n=mg, m,g>l. (4.1) 
Proof. By (1) we have, u = n2 + n + 2. Then 
i 
0 (mod 4) if n = 1 or 2 (mod 4) 
uf 2(mod4), if n-0 or 3(mod4). 
By Theorem 1.1 we know that when n s 1 or 2 (mod 4) 
n-l=k-2=z2 for some integer z, 
and that when n E 0 or 3 (mod 4), 
n+ 1 =k= w2 for some integer w. 
If n is of the form (4.1), then (4.2) is impossible and (4.3) holds if 
m=2, g=3, w=3 
i.e. 
n=8, k=9, v=74. 
(4.2) 
(4.3) 
We now assert that there are no planar near difference sets of order 8. Suppose that 
the contrary is true and D is such a difference set. Then Theorem 2.1 implies that 3 is 
a multiplier of D. Since 39~ - 1 (mod 74), - 1 is also a multiplier of D. This is 
impossible by Theorem 2.3. This completes the proof. q 
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For m= 1, i.e. n= 1, there certainly exists a planar near difference set of order 1, 
which was given by Ryser in [lo]: 
D = { 0,1> (mod 4). 
Let p be a prime. It is well known that for any prime power pa there exists a cyclic 
planar difference set of order p”. But the following Theorem shows that for planar near 
difference sets, the conclusion is quite different. 
Theorem 4.2. Let pa be a prime power, and let there be a near planar difference set of 
order p”. Then 
x=1 and p=2, 3 or 4x2+1 
for some integer x. 
(4.4) 
Proof. Since n =p”, Theorem 4.1 implies that c(= 1. When p_= 1 (mod 4), p- 1 must be 
a square by Theorem 1.1, so p is of the form 4x2+ 1. When pr2 (mod 4), p must be 2. 
When p = 3 (mod 4), (4.3) gives 
but 
p=(w+ l)(w- 1). 
is not a prime, 
(w- l)(w+ 1) =3 
i ’ 
if w > 2, 
if w = 2. 
Thus p must be 3. This completes the proof. 0 
For the cases p = 2 and 3, there certainly exist planar near difference sets of these 
orders, which were given by Ryser in [lo]: 
D2 = {O, 1,3} (mod 8) 
D3 = (0, 1,4,6} (mod 14). 
According to Theorem 1.1, if there exists a planar near difference set of order n, then 
i 
w2- 1, when v s 2 (mod 4) 
n= 
z2+ 1, when v E 0 (mod 4) 
for some integer w and z. We can now prove the following theorem. 
Theorem 4.3. Zf (1) z = 4 (mod 8), (2) p = 3 (mod 4) is a prime, and (3) pzc- ’ I/ (z2 + 2) 
for some positive integer c, then there is no planar near diflerence set of order z2 + 1. 
Proof. Let n=z’+l. Then k=z2+2. When zE4(mod8), 
u~n(n+1)+2r(z2+l)(z2+2)+2~4(mod8). 
According to Corollary 3.3 there is no planar near difference set of order z2 + 1. q 
Theorem 4.4. Let 1 < n < 5002. There exist planar near difference sets of order n if and 
only if 1 dnd3. 
Proof. Suppose that there exist planar near difference sets of order n. By 
Theorem l.l(iii) there exist ((1/2)n(n + 1) + 1, n + 1,2) cyclic difference sets. Such differ- 
ence sets are divided into three categories: 
(1) Nontrivial cyclic difference sets with n+ 1 <((n(n+ 1)/2)+ 1): Theorem 3.4 of 
Hughes [4] and Table 1 of Baumert [l], the parameters (u, k, A) of these cyclic 
difference sets are given only by 
(Q k, 1) =(l I, 5,2), (37,922). (4.5) 
(2) The complements of nontrivial (o’, k’, A’) cyclic difference sets with k d v/2: In this 
case, v’ + 1’ - 2k’ = 2. Then v’ - 2k’ = 1 and A’ = 1. Therefore 
(0, k, 2) = (7,432) (4.6) 
which implies that (v’, k’, A’) = (7,3,1). 
(3) Trivial cyclic difference sets with parameters (0, v - 1,2) or (v, v, 2). Then 
(v, k, A) =(4,3,2), (2,292). (4.7) 
The parameters (v*, k*, A*) of near difference sets corresponding to the cyclic differ- 
ence sets with the parameters in (4.5)-(4.7) are given by 
(v*, k*, 2*)=(22,5, I),(747 9,1),(14,4, I),@, 3,1X(4,2,1). 
The planar near difference sets with parameters (14,4, l), ( 8,3,1) and (4,2,1) were 
constructed by Ryser [lo], and these were provided above. The nonexistence of 
planar (74,9,1) near difference sets has been given in the proof of Theorem 4.1. Since 
22=2(mod 4) and 5 is not a square, it follows from Theorem 1.1 that there are no 
planar (22,5,1) near difference sets. This completes the proof. 0 
5. (41,21, A) near difference sets 
Let D be a (v, k, A) near difference set. By Theorem 3.4 we have k d v/2. In this section 
we will deal with the critical case k=v/2. In this case we have II= v/4 by the basic 
relation A(v-2)=k(k-l), so 
(v, k, A) =(4A, 21, A). 
Theorem 5.1. There exist (4A, 2/2, A) near difirence sets $ and only if A= 1. 
Proof. When A= 1, we know that (0, 11 is a (4,2,1) near difference set. From now on 
we suppose that A 2 2 and D is a (41,21, A) near difference set in Z,*. Then D contains 
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Fig. 1 
exactly one element of each of the following pairs: 
{&{:l+l,{:+2, :::, {:;I:. 
Without loss of generality, we may assume ‘that OED and 4A- l$D. Considering the 
maximal segments of consecutive integers in D, we display D in Fig. 1 which indicates 
that D={O,l,..., i,-l)u{2A+i, ,..., 21+i2-l}u...u{i,_i, i,_i+l,..., 2A-11, 
where 0 = i,, < il < i2 < . . . <i,_,<ii,=2;1 and wj=ij-ij-1, l<j<s. It is easily seen 
from Fig. 1 that s must be odd. Noting that C~=i(IVi- 1) is just the number A of 
occurrences of 1 in the difference list of D and Cwi= 1 DI =2A, we have 
A=C~=i(Wi-1)=21-s. SO A=s is odd. 
Let D1 (Dz) be the set of even numbers (odd numbers) in D, and A1 (A,) the number 
of occurrences of 2 in the difference list of D, (D2). Then 1= Ai + &. Fig. 2 displays D if 
22-2 belongs to D1. Fig. 3 displays D of 22-2 does not belong to D,. 
Fig. 2. 
or 
where Cw; =I =Cw$‘. Then si is odd and s2 is even. If the former is true, we have 
Ai = $ (w;- l)=l-Sl, 
i=l 
Cyclic near difference sets qf type I 159 
if the latter is true, we have 
111= f (w;‘-1)+1=&s2+1. 
i=l 
Therefore, A1 is even in both cases. By a similar argument we can show that AZ is also 
even. Hence, A=& +A, is even, a contradiction. 
6. (4(3, + l), 2A + 1, A) near difference sets 
In this section we study the case k=u/2- 1. Then the parameters are 
(6.1) 
For this family of near difference sets, Ko and Ray-Chandhuri [6] have given two 
examples: 
(12,5,2): { 1,3,4,5,8> 
(16,7,3): {0,1,2,7,11,13,14} 
They asserted in Table 1 of [4] that there are neither (8,3,1) near difference sets nor 
(20,9,4) near difference sets. However, Ryser [lo], as we have mentioned above, has 
given a (8,3,1) near difference set, and in the following we will give a (20,9,4) near 
difference set. Furthermore, we will investigate the number, N (a, k, A), of different 
(v, k, A) near difference sets, and prove the results given in Table 1. 
We first give some general observations. Suppose that there exists a 
(4(3, + l), 2A + 1, ,I) near difference set, say D, and let t be a multiplier of D. By Theorem 
2.2, we may assume that D is fixed by t in constructing D. Then D must be a union of 
some of the orbits of 2, under the permutation: x-+~x. 
Assume that k=2A+ 1 is a prime. By Theorem 2.1, t= k is a multiplier of D. Since 
t2 s4;1’+ 412. + 1~ 1 (mod V) the length of each orbit of 2, under the permutation x-+tx 
is less than or equal to 2. The orbits are of the form a {l, 2A + l} = (a, (2A -I- l)a}, UEZ,. 
Clearly, a{1,2;1+1)+21+2~(a+2~+2){1,21+1}(modv) is also an orbit ofZ, for 
each FEZ”, and (a,(2A+ 1)~) = (u,(21+ l)a} + 21+ 2(modu) if and only if iis odd and 
u=A+l or 3(1+1). Thus, the orbits of Z,, except for (n+1,(21+1) 
(A + 1) > E { 1+ 1,31+ 3) (mod v) when 1 is odd, may be made into pairs so that 
D includes at most one orbit of each pair: 
u,(22+ 1)a 
7 
UEZ” 
u+21+2,(2A+l)a+2A+2 . 
The two orbits of each pair are linked by a line, and the pair will be called a line-linked 
orbit pair, or simply an LL pair. 
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Table 1 
Near difference sets 
(8,3,1J 1 {O, 1,3: 
(l2,5,2) 1 {O, l,2,5,10} 
(l6,7,3) 1 {0,1,2,7,11,13,14} 
(20,9,4) 1 {0,1,2,3,6,7,9,14,18) 
(24,11,5) 1 {0,1,2,8,11,15,16,17,19,21,22} 
(2871336) 1 {0,1,2,3,4,8,11,13,19,20,23,24,26} 
(32,l5,7) 0 
(36,l7,8) 1 (0, 1,2,4,5,7, 10,11,12,13,17,21,24,26,32,33,34) 
(40,19,9) 1 {0,1,3,4,6,7,8,9,11,13,17,18,19,22,25,32,34,35,36~ 
(44,21,10) 0 
(48,23,11) 1 {0,1,2,3,4,5,8,9,10,15,18,19,21,23,30,31,35,37,38,40,41,44,46} 
(52,25,12) 1 {O, 1,2,5,6,7,8,10, 12,19,21,22,25,29,30,35,37,40,41,42,43, 
44,46,49,50} 
(56,27,13) 1 (0,1,2,3,4,5,6,9,12,13,15,18,19,20,23,25,27,35,36,38,39, 
44,45,49,50,52,54) 
(60,29,14) > 1 {0,3,5,6,8, 10,14,18,25,26,27,28,31,32,34,37,39,41,42,43,46,47, 
49,50,51,52,53,54,59} 
(64,31,15) >l {0,1,2,3,4,5,7,8,11,12,13,14,19,21,22,25,26,27,29,31,38,41,42, 
47,49,50,52,55,56,60,62) 
(68,33,16) 0 
(72,35,17) 0 
When ,I is odd, the orbit {A+ 1,3;1+ 3) is clearly not included in D. Then D must 
include exactly one orbit of each LL pair. Consider the following two pairs: 
Noting that (22 + 3) f2;1+ 3,4,? + 3) = { 1,22 + l} (mod 2;), and that D, D + 22 + 3, 
(22 + 3)D and (22 + 3) (D + 22 + 2) are all fixed by t = 22 + 1, we may assume that 
{o}u{l,2n+1}SD, 
and then 
((2~+2}u{~+1,3~+3}~{2~+3,4~+3))nD=~. 
When 1 is even, it is easy to see that all the orbits of length one of 2, are 
0 A+1 
#I 
(6.2) 
21+2 3/I+3 
The other orbits of Z, are all of length two. As 1 DI =2A+ 1 is odd, D must include 
exactly one of the four orbits in (6.2) and exactly one orbit from each of the other LL 
Cyclic near d$‘erence sets of type 1 161 
orbit pairs. Since D, D+22+2, D+l+l and D+32+3 are all fixed by t=21+1, we 
may assume that D contains 0. Furthermore, noting that D includes one of the LL pair 
{1,2n+l} and {22+3,41+3} and that 
(21+3){21+3,4~+3}={1,21,+1}(modv), 
we may also assume that { I,21 + l} is included in D, and then {21+ 3,4A + 3) must not 
be included in D. 
Summing up, we have the following lemma. 
Lemma 6.1. Let k = 2A + 1 be a prime, D a (4(1+ l), 2/2 + 1,1) near difference set, and 
kD = D (mod u). Then we may assume that 
{0,1,2/3+l}~D, and A+1,2/2+2,212+3,31+3$D. 
Next, we describe some further relations among the orbits of 2, and introduce some 
conventions. For an even number d and an orbit {u,(2A+ 1)~) of Z,, we have 
{a+d,(21+l)a-d}=(a+d){1,2A+l}(modu). 
So {u +d, (2A+ 1)~ -d > is also an orbit of 2,. Conversely, if there are two orbits 
(u,(2A.+l)u} and {b,(21+l)b} with b-a=d(modu), then {b,(2A+l)b}={u+d, 
(211+l)u-d} as (2;1+l)u-(21+l)b=-(21+l)(b-a)=(21+3)drd(modu). Thus, 
for any two orbits A, B of Z,, d either appears exactly two times or does not appear at 
all in the difference list 
{+(a-b)IuEA, bEB). 
For a given 1 (such that 21+ 1 is a prime) and a given d (even), we now construct 
a graph Cd, with the set 
or 
({a,(2~+l)u})u~Z,, u+J+l, 22+2, 22+3(modv)) if 2x2 
({a,(21+l)alu)EZ,, ufi+l, 2A+2, 21+3, 3A+3(modv)} if 211 
as the vertex set, and two orbits {a, (21+ l)u}, {b, (22 + l)b} are linked by a line if they 
constitute an LL pair, linked by a dotted-line if { b,(2A+ l)b} = {a+ d,(21+ 1) 
u-d} (mod u), and linked by no line otherwise. The graph Cd, is called the character- 
istic graph of the difference d, and the two orbits are called a dot-linked orbit pair, or 
simply a DL pair, if they are linked by a dotted line. An LL pair of G is called 
a distinguished LL pair, or simply a DLL pair, if d appears in the difference list of one 
orbit of the pair. In this case, d will also appear in the difference list of the other orbit 
of the pair. As D is a union of some of the orbits in Cd,, we may denote by Gf[D] the 
subgraph of Gi induced by the orbits in D. Since D is a near difference set, the number 
iV(G:[D]) of DL pairs in G$[D] must be (A-6(d))/2, where 6(d) denotes the number 
of DLL pairs of Gi. 
Applying the above observations to the parameters (8,3,1) ((12,5,2)), we immedi- 
ately see that N(8,3,1)= 1 (N(12,5,2)= 1). We now proceed to deal with the other 
parameters listed in Table 1. 
162 
Lemma 6.2. N(16,7,3)= 1. 
Proof. The graph Gz is given by Fig. 4. There is exactly one DLL pair, which is 
marked with the symbol ‘ ... 2 . . . .’ above it. (In the sequel, some other similar symbols 
will be used.) So N(Gz[D])= 1. Thus, D has only two possibilities: 
Dr=(O)u{2,14)u{l,7ju{ll,13)={O,1,2,7,11,13,14), 
Dz={O}u(10,6}u{l,7}u(3,5}=j0,1,3,5,6,7,10). 
It is easily checked that Dz = 3D1 and that D, is a (16,7,3) near difference set. This 
completes the .?roof. 0 
Lemma 6.3. A’(24,11,5) = 1. 
Proof. The o, I jits of .Zz4 under the permutation x+11x are given in Fig. 5. 
By Lemma e..l we assume that D includes (01 and (1, 111 and thus 
(O,l,:l}cD and 12,13,23,6,18$0. 
The character,stic graph G: and Gt are given in Figs 6 and 7, respectively. There is 
exactly one CI,L pair in each of G: and Gz. Thus 
~(G~,,C~l)+~(G~,,C~l)=~(G:C~1)=2=~(G~C~l) 
because N(Gz,,[G])=O. As N(G:,,[G])=O or 2, we must have N(G:,,[D])=O and 
hence N(G&[D])=2. Thus, {8,16}cD. Noting that N(G:,r[D])=l, we have 
N(G:,,[D])= 1. Therefore, 5 and 7 cannot be contained in D and hence D includes 
2 
Fig. 4. 
Fig. 5 
G:, I 
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G:,z: 
Fig. 6. Graph G:=G:,1uG:,2. 
-. . . . . . ..’ .... . . .._...... . 
Fig. I. Graph G:= G:, 1 v G& u G:, 3. 
{17,19} and {15,21} by N(G:, 3[D])=2. Consequently, D has only two choices: 
D,=(O}u{8,16}u(l,11}u(17,19}u{15,21}u{2,22} 
= {0,1,2,8,11,15,16,17,19,21,22), 
D,={O}u{8,16}u{l,11}u{17,19}u{15,21}u{14,1O} 
= (0, l,S, lO,ll, 14,15,16,17,19,21}. 
It is easy to check that D2 = 17D1 and that D, is a (24,11,5) near difference set. This 
completes the proof. 0 
Remark. The graphs Gf will play a prominent role in the rest of this paper. For 
convenience, we sometimes identify their vertices and their LL paris with some letters, 
numerals and special marks. Fig. 8 expresses that the vertex pair 
I 13,23 
is identified with a, that 
and that 
El 
13,23 
I 1,ll 
164 
Fig. 8. 
Fig. 9. 
is identified with a. For example, if we identify the LL pairs in (6,3) in the following 
way as in Fig. 9, the graphs G: and G: may be redrawn as follows: 
G:=G;,,uG:,,, G:,,:i 2 3, G:,2: ; b c 
..-“.‘... 
4 4 4 4 
G~=G~.luG~,~uG~,~, G;,l: i 3, G‘& 2, G;,,: ; c d.‘.: ..__: 
The graph G:, 1 u Gz, 2 
0 
may be redrawn as 13-2. To see how these symbols are used, we 
see two more examples: 
(1) In the proof of Lemma 6.5, we have 
6 6 6 
Gi=G8,luGs,zuG8,~ 
:.'...'... 
: 
G 6 . 8,l. ;;“1 d ycb, G;,*: 
; 3 g.;.'; 
. . . . . . . . . 
. . . ...: 
Gg,,: i 4 
',.... ..' 
with the correspondences (6.6) and (6.7). The original graphs are given in Fig. 10. 
(2) In the proof of Lemma 6.6, we have 
8 
G~=G;,luGs,~, Gg,l: h e b C d, G&: i 5 3~02 4 
with the correspondencde (6.9). The original graphs are given in Fig. 11. 
Lemma 6.4. N(28,13,6)= 1. 
Proof. The orbits of Zzs under the permutations x-+13x are given in Fig. 12. 0 
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G 6 . 8,l. 
G g.2: 
yq ... yq ... ‘;T;;l /3,1( 
; p+.[23,31))21;33 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
:........  .  .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
El 
22,14 
. . . 
($1: 
G: 
El 28,12 ... 
Fig. 10. 
Fig. 11. 
z 
i 
1 
a C T i 4 i 
Fig. 12 
By Lemma 6.1 we assume that 
{O, 1,13} CD, and 14,7,21,15,27$0. 
The graphs Gz and Gz are 
Ge=Gs,1uGe,2, 2 2 2 G:,,: ii h c, G:,,: i 2 3 4, 
4 4 4 _- 
(36 = (36, I u G.s, z> G: h i C, G: i 3 4 2. 0 
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Noting that there are two DLL pairs in Gz and no DLL pairs in Gi, we have 
N(G~CDl)=N(G~,,CDl)+N(G~,,CDl)=3, (6.4) 
N(G~CDl)=N(G~,1CDl)+N(G%,,CDl)=2. (6.5) 
In Table 2 we list out all the possible choices of Gz, 1 [II] and the corresponding 
Gz, i [O] and N(Gz, 1 [II]). In Table 3, we list out all the choices of Gz,, [O] and the 
corresponding Gz, z [O] and N(Gz,, CO]). The combinations of Gi, i [O] and Gz,, [O] 
must satisfy (6.4) and (6.5). So there are only four choices: 
000 D 00 
(1) abc u 1?34 
={0,1,3,4,5,6,9,11,12,13,16,22,24}. 
000 0 0 
(2) abcu 1234 00 
~,={1,13}u{3,11}u{5,9}u{O}u(16,12}u{18,1O}u{6,22} 
= (0, 1,3,5,6,9,10,11,12,13,16,18,22}. 
Table 2 
Table 3 
m o__ 
3 134? 
ooo_ 
2 1342 
1 ‘342 
s P_ 
2 1342 
0 m-2 
1 1342 
o oDI 
0 1342 
1 i$ 
* 00 
2 1342 
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00 000 
(3) abc u 1234 0 0 
D,={1,13}u{3,11)u{19,23)u{Ofu{2,26)u{4,24)u:8,20) 
= {O, 1,2,3,4,8,9,11,13,19,20,23,24,26}. 
0 0 
(4) abc u 1234 00 000 
D,={1,13}u{17,25}u{19,23}u(O}u{16,12}u~18,1O}u{8,2O} 
= (0, 1,8,10,12,13,16,17,18,19,20,23,25}. 
It is easy to check that 
D,=llD3, Dq= 19D,, 
that D3 is a (28,13,6) near difference set and that D, is not (as 6 appears eight times in 
the difference list of D). This completes the proof. q 
Lemma 6.5. N(36,17,8) = 1. 
Proof. Under the permutation x+17x, ZS6 is partitioned into orbits as given in 
Fig. 13. 
By Lemma 6.1, we assume that 
{0,1,17]cD, 18,19,35,9,27$0 
The graphs GE (w = 2,4,6,8) are 
G;=G;,,uG;,, G;:=G;,iuG&: 
with with 
G ;,i: iibcd, G;,2: i2345 G;,,: c&d, G;,,: i3542. 
6 6 6 6 
G,=G,,~uG,zuGs,s: G;=G;,,uG;,, 
with with 
G:,,: iidccob, G&: 332 G;,,=i4, G;, 1 : L?&c, G,8,2: i5243. 
Noting that there are two DLL pairs in each of Gz and Gi, i.e. d and 2 in Gi, c and 3 in 
Gi, we have 
(6.8) 
Consider the graph Gg. Noting that D contains exactly one orbit of each LL pair, 
we have 
N(Gg, 1 [D])=O, or 2; N(Gg,,[D])=O, or 2; N(Gz,,[D])=O, or 1. 
168 W.-D. Wei et al. 
T 
* 
0 6,30 l-l 8,28 
(6.6) 
(6.7) 
Fig. 13 
As their sum N(Gg[D]) must be 4 by (6.8), we have 
N(Gi,,[D])=O and N(G~,,[D])=N(G~,2[D])=2. 
Hence 
4={24,12}cD. 
In Tables 4 and 5, we list out all the possible choices of G~,i[D] such that 
N(Gz,i[D])=2 and the corresponding Gri[D] and N(GF,i[D])(~=2,4,8) for i=l 
and 2, respectively. The combinations of G z, 1 [D] and Gz, 2[D] must satisfy (6.8) so 
D has only three possible choices: 
000 oo- 
(1) adc cc k and 35; 
D,={1,17)u{7,11~u{5,13)u{21,33}u{O)u~24,12)u{4,32) 
u {26, lo} u {2,34j 
= (0, 1,2,4,5,7,10,11,12,13,17,21,24,26,32,33,34}. 
(2) a& w 6 and 325 
~,=~1,17}u{7,11}u{23,31}u{3,15}ujO)u{24,12}u~22,14) 
u (26,101 u (20,163. 
=(0,1,3,7,10,11,12,14,15,16,17,20,22,23,24,26,31}. 
(3) &I+ and %z 
D3 = { 1,171 u {25,29} u {23,31} u {21,33} u {0} u (24,121 u {22,14} 
u {8,28} u {2,34$. 
= (0, 1,2,8,12,14,17,21,22,23,24,25,28,29,31,33,34}. 
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Table 5 
G:,,CDl GLCDI? W%CDl) G:,, CDL W&PI) ‘&PI, W:,,CDI) 
It is easy to check that 
D2= -5D1, D3= -TO,, 
and that D, is a (36,17,8) near difference set. This completes the proof. 0 
Lemma 6.6. N (40,19,9) = 1. 
Proof. The orbits of Z4,, under the permutation x+19x are: 
El 
1,19 
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By Lemma 6.1 we assume that 
(0, 1919) = D, 20,21,39,10,30$0 
The graphs G$’ (w = 2,4,6,8) are: 
G$=G;,+JG;,~: G;=G;,,uG$,,: 
. . . . . . . 
G;,,: bbcde, G: 12345 GG, 1 : &edb>; G;,2: i35co24 : : : 
G;=G;,~JG;,~: G;=G&uG ;,2: 
....‘.‘. 
G8, 1: becdd, 
--- 
Gz,z: 14523 Gg,l: iebZ$ G&: i5jco24 
It is easy to see that there is exactly one DLL pair in each of Gr, w=2,4,6,8, so 
N(G$‘[D])=N(G&[D])+N(G$‘,[D])=4, for w=2,4,6,8. 
Noting that N(G&[D])=0,2, or 4 IV(G~,~[D])=O, 1,2, or 3, we have 
N(Gz,,[D])=4 and N(Gg,,[D])=O 
or 
(6.10) 
(6.11) 
N(G;,,[D])=2 and N(Gz,,[D])=2. (6.12) 
Similarly, noting that N(Gt,,[D])=1,3, or 5 and N(Gi,,[D])=O, 1,2, or 3, we have 
or 
N(GE,,[D])=l and N(G&[D])=3 (6.13) 
N(GE,,[D])=3 and N(Gt,,[D])=l (6.14) 
(6.11) and (6.13) are impossible, for N(Gz,,[D])=O implies N(GE,,[D])=2, and for 
N(G:,z[D])=3 implies N(Gz,,[D])=l. 
Tables 6 and 7 list out all the possible G z, r CD] and G& [D], respectively, and when 
(6.12) is satisfied we also list the corresponding Gr,i[D] and N(Gt,i[D]) for w=2,6, 
i = 1,2. The combinations of G &[D] and GG,,[D] must satisfy (6.10), so D has only 
four possible choices: 
OODO_ 00-. 0 
(1) aebcd and 153~24 D 0 0 
D1 = {1,19,9,11,3,17,25,35,7,13,0,8,32,4,36,22,18,6,343 
= (0, 1,3,4,6,7,8,9,11,13,17,18,19,22,25,32,34,35,36), 
00 Q9 00_ 0 
(2) aebEd and 153~124 0 D 0 
Dz = { 1,19,9,11,23,37,25,35,27,33,0,8,32,4,36,2,38,26,14} 
= (0, 1,2,4,8,9,11,14,19,23,25,26,27,32,33,35,36,37,38}. 
0 0c.l 
(3) upbEd and i;sa% 
D3(1, 19,29,31,3,17,25,35,27,33,0,28,12,24,16,2,38,6,34} 
= (0, 1,2,3,6,12,16,17,19,24,25,27,28,29,31,33,34,35,38}. 
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Table 6 
Table I 
G:,,CDl G:,,[Dl, W&PI) G;,,CDl> W&PI) G:.,Pl, W;,,CDl) 
(4) up@3 and 123~024 00 
D~={1,19,29,31,23,37,5,15,7,13,0,28,12,24,16,22,13,26,14} 
= (0, 1,5,7,12,13,14,15,16,18,19,22,23,24,26,28,29,31,37}. 
It can be checked that 
D2=1101, D,= -7D1, D,= -3D,, 
and that D is a (40,19,9) near difference set. This completes the proof. 0 
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Lemma 6.7. N(20,9,4) = 1. 
Proof. Suppose D is a (20,9,4) near difference set. By Theorem 2.1, 3 is a multiplier 
of D and we mady assume that 3 fixed D. The orbits of Zzo under the permutation 
x+3x are 
Evidently, D cannot include { 5,151. Since D, D + 10,ll D and 11 (D + 10) are all fixed 
by 3 and 11 {11,13,17,19}={1,3,7,9}, we may assume that 
{O, 1,3,7,9> c D 
If {4,8,12,16) CD, then D would produce 4 as a difference at least five times, 
contradicting i = 4. Therefore 
D={O}u{l,3,7,9}u{2,6,14,18}={O, 1,2,3,6,7,9,14,18}. 
It can be checked that D is indeed a (20,9,4) near difference set. This completes the 
proof. 0 
Lemma 6.8. N (32,15,7) = 0. 
Proof. Suppose that D is a (32,157) near difference set in Za2. Since 
36 -25 E 5’(mod 32), 25 is a multiplier of D by Theorem 2.1, and we may assume that 
25 fixes D. As 252 = 17(mod 32) 17a is also in D when aeD. Since 
17a-a=16az 
0 (mod 32), if 2a, 
16 (mod 32), if 2 ,j’ a, 
it follows that D contains only even numbers in Z32. Then any odd number in 
Zs2 cannot appear in the difference list of D. Hence D is not a (32,15,17) near 
difference set. This completes the proof. 0 
Lemma 6.9. N(44,21, lO)=O. 
Proof. Suppose that D is a (44,21,10) near difference set in Zh4. Since 
3”-7(mod44), 7 is a multiplier of D by Theorem 2.1, and we may assume that 7 
fixes D. The orbits of Zd4 under the permutation x-+7x are 
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I1,5,7,9,19,;5,35.37.39,43 1 
3,13,15,17,21,23,27,29,31,410 
4,8,12,16,20,24,28,32,36,40 
Clearly, D cannot include (11,33}. As D, 290, 
7 and 
(6.15) 
(6.16) 
(6.17) 
D+22 and 290 +22 are all fixed by 
29{3,13,15,17,21,23,27,29,31,41} 
G { 1,5,7,9,19,25,35,37,39,43} (mod 44) 
we may assume that 
D XJ (0, 1,5,7,9,19,25,35,37,39,43}. 
It is easy to check that no matter which orbit of the second pair in (6.17) is included in 
D, 2 appears in the difference list of D at most seven times, contradicting A= 10. This 
completes the proof. q 
Lemma 6.10. N(48,23,11) = 1. 
Proof. The proof is similar to that of Lemmas 6.5 and 6.6, hence is omitted. 0 
Lemma 6.11. N(52,25,12)= 1. 
Proof. Let D be a (52,25,12) near difference set. By Theorem 2.1,5 is a multiplier of D, 
and we may assume that D is fixed by 5. Then D will be a union of some of the orbits of 
Z,, under the permutation x+5x: 
a = (1,5,21,25} b={3,11,15,23) c = {7.19,35,43} 1131 
I I I 
a’={27,31,47,51} b’={29,37,41,49} c’ = {9,17,33,45} 
:={O} g={2,10,42,50} h = {6,22,30,46} 2={14,18,34,38} 
I I I 
f’={26) g’={28,36,16,24) h’={4,20,32,48} z’={8,12,40,44) 
AS D + 26, 270, 270 + 26 are all fixed by 5 and 27~’ = a, we may assume that 
{O,l, 5,21,25} CD and 27,31,47,51,26,13,39$0. 
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We construct the characteristic graph of the difference 2 as follows: 
G:, = G:,, I u G:w 4 
. . . . . . . . . . . . . . . . . . . . . . . . . . 
c2 a 2b 
G&: ( .‘I’. . 2 ... ( Gz,z: 
f 2 B .T. ‘;’ .?. . . . 
z .\..: 
I 
C’ 
. . 
. . . b’ 
(, ; ; 
y’ .?. h .?. . z .: ; 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
4 
This is a weighted graph, and the symbol ‘w .‘!‘. z’ means that the number of occurren- 
ces of 2 in the difference list { f(x-y))x~w, y~z} is m. Similarly, we construct the 
characteristic graph of the difference 8 as in Fig. 14. 
G~z=G~~,I~G~~,~ 
Let N’(G[D]) be the sum of the numbers on dotted-lines in the graph G[D]. Noting 
that 2 cannot appear in the difference list of any orbit, we have 
N’(G:~C~l)=N’(G:,,~C~l)+N’(G:,,,C~1)=12. (6.18) 
For each orbit, we find the number of occurrences of 8 in its difference list: 
a: 0, b (or b’): 2, c (or c’): 1 
f: 0, 9 (or g’): 2, h (or h’): 1, z (or z’): 0. 
Hence, we have 
N’(G~,CDl)=N’(G~*,1CDl)+N(G~,,2CDl)=6 
By (6.18) and (6.19) it is known that D has only two possibilities: 
(1) D1=aucubufuzuguh 
= (0, 1,2,5,6,7,8,10,12; 19,21,22,25,29,30,35,37 
40,41,42,43,44,46,49, SO}, 
(2) D2=aubucufuzuguh 
= (0, 1,3,5,6,7,11,14,15,16,18,19,21,22,23,24,25,28,30,34, 
35,36,38,43,46}. 
2 
..--‘..‘... .;’ 4 ‘. 
c . . . a .f. b’ 
G~,I: I I 
2 
C . . . . . . b 
4 : . . . . . . 
f 2 ,, 2 g, 2 ;, 
. . . .,. . . . 
G;z,z: I II 
f.2. g A. fl 
:................ 
4 
Fig. 14. 
(6.19) 
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It is easy to check that D2 = 3D1 and that D1 is a (52,25,12) near difference set. This 
completes the proof. 0 
Lemma 6.12. N(56,27,13)= 1. 
Proof. Let D be a (56,27,13) near difference set. By Theorem 2.1,3 is a multiplier of D, 
and we may assume that D is fixed by 3. Then D is a union of some of the orbits of 
Z,, under the permulation x+3x: 
a={l,3,9,19,25,27} b={5,13,15,23,39,45} c={7,21} 
I I I 
a’= {29,31,37,47,53,55} b’=(ll, 17,33,41,43,51} c’ = { 35,49} 
p = (2,6,18,38,50,54} h = {4,12,20,36,44,52} 
f ‘= (28) g’ = { 10,22,26,30} i’={8,16,24,32,40,48} 
As D + 28, 290, 290 + 28 are all fixed by 3 and 29a’ = a, we may assume 
fua={0,1,3,9,19,25,27}cD, 
(a’uf’)u{14,42}nD=~. 
(14,421 
that 
Note that D will include exactly one orbit of each LL pair. Now we construct the 
characteristic graphs of the differences 2 and 4, as in Fig. 15. 
Observing the number of occurrences of 2 and the number of occurrences of 4 in the 
difference list of each orbit, we find that 
N’(G~,[D])=N’(G~,,,[D])+N’(G~,,,[D])=lO, w=2,4 (6.20) 
2 
. . . . . . . . 
;‘I+. b .i.‘.“; 
G;,=G;3,1uG;3,2: G& ::. 2 
2 
/‘.““... ‘. 
a . . . b .?. it 
:.’ (j 
G~~=G&JG:~,~: &,I 
I 1 
b’ .!. c 
G3,2: 
. . :. ‘. .: . . . . . . . 
f.2.h g 
Gk: 
I I 
h’ g’. 
Fig. 15 
176 W.-D. Weiet al. 
Table 8 Table 9 
G:,,lCnl N(G:,.,[Dl) NV:,, I IDI) ‘&l~l N(G:,,zlDl) N(G:,,zCDl) 
ahc 6 8 f+ 8 2 
ahc’ 2 8 fib’ 6 0 
ab’c 4 4 fs’h 4 2 
ab'c' 4 0 fg'h' 6 0 
In Tables 8 and 9 we list out all the possible G:3,1 [D], G:3,2 and the correspond- 
ing N(G’s,ICDI) and N(G’3.2 CD]), w = 2,4. There are only two combinations of 
G:,, 1 LoI and Gk.2 [D] satisfying (6.20): 
(1) D,=aubucufuguh 
= (0, 1,3,4,5,7,9,10,12,13,15,19,20,21,22,23,25,26,27,30,34,36, 
39,44,45,46,52}, 
(4 D,=aubucuf uguh 
= (0, 1,2,3,4,5,6,9,12,13,15,18,19,20,23,25,27,35,36,38,39,44, 
45,49,50,52,54}. 
It can be checked that D, = 5D2 and D, is a (56,27,13) near difference set. This 
completes the proof. 0 
Lemma 6.13. N(68,33,16)=0. 
Proof. Suppose D is a (68,33,16) near difference set in Z6s. Since 11’ E 3 (mod 68) 3 is 
a multiplier of D by Theorem 2.1, and we may assume that 3 fixes D. The orbits of 
Z6s under the permutation x+3x are 
Ai = (1,3,7,9,11,13,23,25,27,31,33,39,49,53,63} 
I 
A2 = (2,15,19,29,35,37,41,43,45,47,55,57,59,61,65,67} { 17,51} 
101 A, = {2,6,10,14,18,22,26,30,38,42,46,50,54,58,62,66} 
Id41 ~,=i4,8,12,16,20,24,28,32;36,40,44,48,52,56,60,64) 
Clearly, (17,51} cannot be included in D. D includes exactly one orbit of each LL 
pair. We may assume that DED. Noting that 37A2 = A,, we may further assume that 
A1 c D. No matter which of A3 and A4 is included in D, 2 appears at most ten times in 
the difference list of D, contradicting with A= 16. This completes the proof. 0 
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(6.21) 
Fig. 16. 
Lemma 6.14. N(72,35,17)=0. 
Proof. Suppose that D is a (72,35,17) difference set in ZT2. 25 is a multiplier of D, for 
52 ~7~~25 (mod 72). We assume that 25 fixes D, then D is a union of some of the 
orbits of the form: 
a{1,25,49}. 
When 3 $a, a. { 1,25,49} has length 3 and its difference list consists of three f 24. 
When 3 1 a, a. { 1,25,49} has length one; and all such orbits are given in Fig. 16. 
D includes at most one orbit of each LL pair in (6.18), so D includes at least eight 
orbits of length 3. Therefore, 24 would appear at least 3.8 = 24 times in the difference 
list of D, contradicting with A= 17. This completes the proof. q 
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